Conjecture 1.
If G is a PFG group, then jmðH; GÞj is bounded by a polynomial function in the index of H and b n ðGÞ grows at most polynomially in n.
He proved his conjecture when G is the completion of GðRÞ with respect to the congruence topology, with G a simple algebraic group defined over Z and R the ring of integers in some algebraic number field [9] . The conjecture has been proved in [6] for finitely generated prosolvable groups, and more recently [7] for groups with polynomial subgroup growth and for finitely generated adelic groups.
As noticed in [8, p. 447] , if H is an open subgroup of G and mðH; GÞ 0 0, then H is an intersection of maximal subgroups. Moreover, for such a subgroup, mðH; GÞ is the di¤erence between the number of ways to express H as an intersection of an even number of maximal subgroups and the number of ways to express it as an intersection of an odd number of maximal subgroups. This means that b n ðGÞ is bounded in terms of the number of maximal subgroups of G of index dividing n and mðH; GÞ can be bounded in terms of the number of maximal subgroups of G containing H. Some interesting bounds can be obtained with these arguments (see for example [8, Theorem 21] ) but even if one assumes that G has PMSG, it is not known whether this implies that there is a polynomial bound for the number of maximal intersections of G of index at most n. The results proved in [9] , [6] , [7] for arithmetic groups, prosolvable groups, adelic groups and groups with polynomial subgroup growth depend on the fact that in all these cases it can be proved that if mðH; GÞ 0 0, then not only H is an intersection of maximal subgroups, but also these maximal subgroups can be chosen with additional 'good' properties. The main result of the present paper is in this direction: Theorem 1. Assume that G is a finitely generated profinite group and let H be an open proper subgroup of G with mðH; GÞ 0 0. Then there exists a finite family fY 1 ; . . . ; Y t g of open subgroups of G with the following properties: such that K i t G, G=K i is a finite monolithic group with non-abelian socle, say
This result is one of the key ingredients in the proof of the following theorem which reduces the study of Conjecture 1 to finite monolithic groups (i.e. groups with a unique minimal normal subgroup) with non-abelian socle:
Theorem 2. Let G be a PFG group and denote by LðGÞ the set of finite monolithic groups L such that soc L is non-abelian and L is an epimorphic image of G. Moreover, if L A LðGÞ, let b 
At the moment this conjecture is a completely open question. It would be interesting to start with finite simple groups. Very little is known even in this case but recently, in collaboration with Valentina Colombo, we have proved that this conjecture is satisfied by the symmetric and alternating groups. A paper with this result is in preparation.
Another consequence of Theorem 2 is: Corollary 3. Let G be a PFG profinite group and suppose that there exists u A N such that for each L A LðGÞ any supplement X of soc L in L is u-generated. Then there exist g 1 and g 2 such that b n ðGÞ c n g 1 and jmðH; GÞj c jG : Hj g 2 for each n A N and each open subgroup H of G.
As we noted before, if b n ðGÞ grows polynomially, then G must be a PFG group. However a group G in which jmðH; GÞj is bounded by a polynomial function in the index of H is not necessarily PFG: an example of this situation will be presented in the final section of this paper.
Subgroups with non-trivial Möbius number
Before starting our study of the subgroups with non-trivial Mö bius number, we need to recall the definition of an equivalence relation among the chief factors of a finite group G that was introduced in [5] .
Definition 4. Let G be a finite group and let X be a subgroup of G. We say that two chief factors H 1 =K 1 and H 2 =K 2 of G are ðG; X Þ-equivalent if either H 1 =K 1 and H 2 =K 2 are G-isomorphic or there exists a normal subgroup N of G such that (1) G=N is a primitive permutation group which contains two distinct minimal normal subgroups M 1 =N and M 2 =N;
(2) there exists a subgroup U of G containing XN such that U=N is a complement of both M 1 =N and M 2 =N in G=N;
An important role in the study of ðG; X Þ-equivalence is played by the normal subgroup R G; X ðAÞ associated with any chief factor A of G. It is introduced in [5, Definition 10] and it can be characterized as the intersection of the maximal subgroups M of G with the property that any minimal normal subgroup of G=Core G ðMÞ is ðG; X Þ-equivalent to A.
Another definition that we recall from [5] is the following:
Definition 5. Let L be a monolithic primitive group and let A be its unique minimal normal subgroup.
and the quotient group of L k over any minimal normal subgroup is isomorphic to L kÀ1 , for k > 1. Moreover, any normal subgroup of L k either contains or is contained in socðL k Þ. Furthermore let X be a subgroup of L and consider the diagonal subgroup DðX Þ ¼ fðx; . . . ; xÞ j x A X g c DðLÞ ¼ fðl; . . . ; lÞ j l A Lg c L k :
In [5] it is proved that the minimal normal subgroups of L k are all ðL k ; DðX ÞÞ-equivalent. Moreover the following holds (see [5, Proposition 12]): Proposition 6. Let A ¼ U=V be a chief factor of G. Let H c G and assume that either A is non-abelian or that there exists a subgroup T of G containing H such that TU ¼ G and
. . . ; xÞ j x A X g c DðLÞ ¼ fðl; . . . ; lÞ j l A Lg; 
We want to apply this lemma when Core G ðHÞ ¼ 1, mðH; GÞ 0 0 and N is a minimal normal subgroup of G. In order to do that we need more information on the set SðG; H; NÞ. 
there exists X c L such that H a ¼ DðX Þ ¼ fðx; . . . ; xÞ j x A X g.
Moreover, since Y A S,
Hence HR V NR ¼ YR V NR and the following are true:
If N is abelian, then Y a is a non-trivial supplement of the minimal normal subgroup N a of L t , hence Y a is a complement for N a and it is a maximal subgroup of L t . Assume now that N is non-abelian. We have soc
We have to prove that either Y a contains K or Y a is a maximal subgroup of L t and complements N 1 . There is nothing to prove if t ¼ 1, so let t d 2. In this case 
This completes the proof of (3). Note that ð4Þ follows immediately from the fact that Y a V N a ¼ H a V N a and the observation that the restriction of a to N is injective. It remains to prove (5). We take b ¼ a when t ¼ 1;
Proof of Theorem 1. Let U ¼ Core G ðHÞ. We shall work by induction on the order of the group G=U. Let N=U be a minimal normal subgroup of G=U. Since mðH=U; G=UÞ 0 0, by Lemma 7 we have mðHN=U; G=UÞ ¼ mðHN; GÞ 0 0;
and there exists at least one subgroup Y =U A SðG=U; H=U; N=UÞ. In particular
By Lemma 8, Y satisfies conditions (3)- (4) (3)- (4) of our statement, such that
The family fY 1 ; . . . ; Y tÀ1 ; Y g satisfies all conditions of our statement. r 3 Reduction to monolithic groups Proof. Let U ¼ Core G ðHÞ. We shall work by induction on the order of G=U. We may assume that H 0 G and mðH; GÞ 0 0. In this case, as in the proof of Theorem 1, let N=U be a minimal normal subgroup of G=U and let Let a : G=U ! L t and b : G=U ! L be the epimorphisms defined in Lemma 8 (the map b is defined only when N=U is non-abelian). Set a
and let U Ã be the set of subgroups Y containing ker a Ã and with the properties that
Moreover, by Lemma 8 (4), if U Ã V S Ã 0 q, then jHN : Hj ¼ jNj. In that case U Ã is in bijective correspondence with jDerðF ; N 1 Þj, where F is a fixed complement of N 1 in L t . Since G is d-generated, L t and F are d-generated, which implies
Assume now that N=U is non-abelian. By Lemma 7, mðX soc L; LÞ X Q A SðL; X ; soc LÞ mðQ; LÞ ¼ mðX ; LÞ:
Note that 0 0 mðH; GÞ implies mðX ; LÞ ¼ mðH ker b Ã ; GÞ 0 0 by Lemma 7. We conclude that mðX soc L; LÞ 0 0, again by using Lemma 7. Therefore, by hypothesis, X Proof. For n 0 1 we want to count the subgroups H with jG : Hj ¼ n and mðH; GÞ 0 0. By Theorem 1, if H is one of these subgroups, then there exist a factorization n ¼ n 1 . . . n t and a family Y 1 ; . . . ; Y t of subgroups of G satisfying properties (3)-(4), with jG : Y i j ¼ n i and 7 1cict Y i ¼ H. There are at most n 2 possible choices for the factorization n ¼ n 1 . . . n t (see [2] ); we fix one of them. Since G is PFG, there exists a constant a with m n ðGÞ c n a for each n A N, since m n ðGÞ is the number of maximal subgroups of index n. There are two possibilities for Y i : either Y i is a maximal subgroup of G or there exists a normal subgroup Proof of Corollary 3. For a finite group X , the rank rðX Þ of X is defined to be the smallest integer u with the property that all subgroups of X can be generated by u elements. Assume that rðLÞ c u for each L A LðGÞ: this implies in particular that there exists m such that no L A LðGÞ has a section isomorphic to AltðmÞ. By [9, Corollary 2], there exists a constant c, which depends only on m and u, such that if a finite group X is AltðmÞ-free and a n; u ðX Þ is the number of subgroups of index n of X that can be generated by u elements, then a n; u ðX Þ c n c . In particular we have b Ã n ðLÞ c a n; u ðLÞ c n c for each L A LðGÞ and each n A N. Moreover, by [7, Lemma 18], we have jmðX ; LÞj c n cþ2 for each L A LðGÞ and each X c L with X soc L ¼ L, so the conclusion follows from Theorem 2. r
An example
Let W be the set of prime numbers p with p > 23 and p not of the form ðq k À 1Þ=ðq À 1Þ where q is a prime power and k is an integer. 
